We construct holomorphic local conformal framed nets extended from a tensor power of the Virasoro net with c = 1/2 with a pair of binary codes (C, D) satisfying the conditions given by Lam and Yamauchi for holomorphic framed vertex operator algebras. Our result is an operator algebraic counterpart of theirs, but our proof is entirely different. We apply the α-induction in order to identify the representation theory of "code local conformal net" and this gives rise to the existence of the desired local conformal net.
Introduction
The concept of states and observables are fundamental in quantum physics. Here, the observables are the meaurements of physical quantities and states are the physical quantities of interest. In algebraic quantum field theory, states are vectors in a Hilbert space and observables are self-adjoint operators defined on it. As the observation is done in a certain spacetime domain, the observables are defined on each specific spacetime domain. These ideas are translated into mathematical structures using the language of operator algebras [1, 13] . When we have conformal symmetry on the 1+1 dimensional Minkowski spacetime, we have full conformal field theory. In the language of operator algebra, we have a family of von Neumann algebras {A(O)} O where the regions O are double cones which are rectangles with the sides parallel to the lines x = ±t. The family {A(O)} O satisfies isotony, locality, conformal covariance, existence of vacuum vector and positivity of energy where the locality is defined by spacelike separation. We call the family {A(O)} O a 2-dimensional local conformal net. We can restrict {A(O)} O to the lines x = ±t and replace the spacelike separation by non-intersection which is simpler. (See [15] for more details.) Through this process, we have two chiral conformal field theories.
Local conformal nets in chiral conformal field theory arise from the restriction of the rectangles O to the line x = ±t. They are of the form {A(I)} I where each A(I) is a von Neumann algebra abd I is an open interval in the "spacetime" which is now the circle S 1 . We have another mathematical approach to the same physical theory which is the language of vertex operator algebra. Vertex operators arise from the Fourier series expansion of operator-valued distributions on S 1 . Conceptually, it should be possible to choose certain vertex operators and test functions with the supports in the interval I, and form a family of mathematical objects equivalent to local conformal nets. Unlike local conformal nets where the state spaces are Hilbert spaces, there is no assumption on the existence of an inner product and the completeness on the state spaces in the theory of vertex operator algebra.
This motivates an open problem whether these two mathematical objects correspond to each other or not, i.e., if an example of one of the objects is given, the counterpart in the form of the other object should be found. There are several pieces of evidence which emphasize that the answer to this open problem is positive, at least under some extra nice conditions. Both mathematical objects have examples associated to affine Lie algebras and the Virasoro algebra. Given a positive definite lattice L, one can construct a lattice vertex operator algebra and their twisted orbifolds as in [9] . The construction of local conformal nets for a positive definite lattice L is given in [25] . An operator algebraic counterpart of the twisted orbifolds of lattice vertex operator algebras are also constructed by extending lattice conformal nets in [8] .
For a given central charge c < 1, Virasoro conformal nets Vir c and simple Virasoro vertex operator algebras L(c, 0) are essentially the same objects in many aspects. They have the same representation theory and their irreducible representations obey the same fusion rules. Our main interest is in the simple current extensions of their tensor products which are holomorphic (defined to have only one irreducible representation which is the trivial one). By definition, framed vertex operator algebras contain L(1/2, 0)
⊗n as a subalgebra with the same conformal element [7, 20, 23] . In [20] , Lam and Yamauchi extended the tensor products of the simple Virasoro vertex operator algebra with central charge 1/2 to holomorphic framed vertex operator algebras using a pair of even binary codes (C, D) where C is the dual code of D and D satisfies the following conditions: This kind of extension exists for L(1/2, 0) ⊗16n . Here, the word (c 1 , c 2 , . . . , c 16n ) in C correspond to the module
⊗16n -modules have the conformal weights 1/16 for the entries d i = 1.
In this manuscript, we give an operator algebraic counterpart of a holomorphic framed vertex operator algebra which is a holomorphic local conformal framed net in the sense of [16] . A local conformal framed net A is defined as an irreducible extension of Vir ⊗n 1/2 . The structure of local conformal framed nets as the simple current extension Vir
for some integers k and l is shown in [16, Theorem 4.3] , and the corresponding result for vertex operator algebras has been obtained in [20] . We construct holomorphic local conformal framed nets which are extended from tensor products of Virasoro conformal nets with central charge 1/2 by using a pair of even binary codes (See [23] and references therein for code vertex operator algebras.)
A representation of a local conformal net corresponds to a unitary equivalence class of endomorphisms called a sector. For chiral conformal field theory, a sector ρ consists of endomorphisms ρ I for each A I such that each ρ I leaves A I ′ invariant where I ′ is the set of the interior points of the complement of I. The local conformal net Vir
is completely rational in the sense of [17, Definition 8] . It has the µ-index which is the square sum of the statistical dimensions of all irreducible sectors equal to 2 32n . The µ-index of Vir
. This provides some conditions on the statistical dimensions of all irreducible sectors of Vir to a sector of Vir
(See also [3, 26] for general propertoes of the α-induction.) Note that the α ± -induction depends on the code C as it is defined using a canonical endomorphism γ from Vir to investigate whether ε ± (ρ, σ)ε ± (ρ, σ) = 1 for each irreducible subsector σ of θ. Some of the irreducible sectors may give the α ± -induction identical to that of some other irreducible sectors. Some of them split into a direct sum of irreducible sectors of Vir ⊗16n 1/2 ⋊ C as the α ± -induction does not preserve the irreducibility. At this point, we apply the µ-index of Vir 1/2 ⋊ {(0, 0), (1, 1)} and we can obtain the answer by applying the same strategy directly. For D with higher cardinality, we have difficulties to deal with the contribution to the µ-index of the α ± -induction since it may only give irreducible sectors with the statistical dimensions more than 1. When this happens, the irreducible subsectors of such α ± -induction are not automorphisms. Thus, we prove by mathematical induction by constructing a decreasing sequence of triply even codes
is generated by β and (1, 1, . . . , 1) for some β different from the identity and the all-one word in D. We draw a conclusion that a sector associated to the codeword β of Vir (c) (Möbius covariance) There exists a strongly continuous unitary representation U of PSL(2, R) on H such that
(d) (Positivity of the energy) Denote the rotational subgroup of PSL(2, R)
(e) (Existence of the vacuum) There exists a U-invariant unit vector Ω ∈ H called a vacuum vector.
(f) (Irreducibility) The von Neumann algebra generated by all I is equal to B(H), i.e., I∈I A(I) = B(H). This condition is equivalent to the uniqueness of Ω up to phase factor and A(I) being type III 1 factor unless it is C.
There are some important consequences from this definition. (c ′ ) (Conformal covariance) U extends to a projective unitary representation of Diff(S 1 ), the group of smooth orientation preserving diffeomorphisms and
Here, Diff(I) is the subset of Diff(S 1 ) that leaves every element in I ′ invariant.
Remark 1.4. We call the six conditions in the definition of local conformal nets the axioms of chiral conformal field theories. Local conformal nets with the locality defined by spacelike separation on 1 + 1 Minkowski space can be restricted to two chiral conformal field theories on the lines x = ±t as shown in [15] . Definition 1.5. A DHR(Doplicher-Haag-Roberts) representation π of a local conformal net A on a Hilbert space K is a map
where π I is a normal representation of A(I).
A DHR representation is Möbius covariant with positive energy if there exists a projective unitary representation U π of PSL(2, R) with positive energy such that for any I in I, x in A(I) and g in PSL(2, R)
A DHR representation is conformal covariant with positive energy if there exists a projective unitary representation U π of Diff (∞) (S 1 ), the universal cover of Diff(S 1 ), with positive energy such that for any I in I, x in A(I) and g in Diff
whereġ is the image of g in Diff(S 1 ).
By Doplicher-Haag-Roberts sector theory, π corresponds bijectively to an equivalent class of endomorphisms [ρ I ] I∈I on B(H) where ρ I is a localized endomorphism of A(I), i.e., leaving A(I ′ ) invariant(cf. [1] ). The class [ρ I ] I∈I is often simply denoted by ρ. We call such a class a DHR sector or simply a sector. For each I in I, ρ I (A(I)) ⊂ A(I) is a subfactor by the construction of ρ. We define the statistical dimension or the dimension d ρ of ρ as
Complete rationality
Let A be a local conformal net on a fixed Hilbert space H. 2. (Finite µ-index) Split S 1 into fours intervals I 1 , I 2 , I 3 and
The local conformal net A is holomorphic if it is completely rational and its µ-index is equal to one. Theorem 1.7. [17, 22] Let A be a local conformal net with split property. If A has finitely many irreducible DHR sectors with positive energy up to isomorphism and the statistical dimension of each irreducible DHR sector is finite, then A is completely rational and µ A = k i=1 d ρ i where i runs over the irreducible DHR sectors of A.
The Virasoro net Vir 1/2
The Virasoro algebra is the Lie algebra generated by {L n } n∈Z and c such that
; and [L n , c] = 0 for every n in Z. By [10] and [11] , either the central charge c ≥ 1 or
in an irreducible unitary representation. The lowest eigenvalue h of L 0 is called the conformal weight on the unitary representations. By [11] , for a given c, the possible values of h are
, where p ∈ {1, 2, . . . , m − 1}, q ∈ {1, 2, . . . , m}.
For c = 1/2, there are three unitary representations with conformal weights 0, 1/16 and 1/2, respectively. Let U be the unitary representation with conformal weight 0. Define the Virasoro net Vir 1/2 by (cf. [14, 27] ):
By [14] , Vir 1/2 is completely rational. There are three inequivalent irreducible DHR sectors arising from the unitary representations of the Virasoro algebra with conformal weights 0, 1/16, 1/2, respectively. They have statistical dimensions 1, √ 2, 1, respectively, and hence the µ-index of Vir 1/2 is 4. Denote these sectors by λ 0 , λ 1/16 and λ 1/2 , respectively. They obey the following fusion rules where λ(0) is the identity sector.
Denote the conformal weight by h. By spin-statistics theorem, we have the conformal spin ω = e 2πih [12] . The S-matrix of Vir 1/2 is given as follows. (See [6] , for example.)
in the order of λ 0 , λ 1/16 and λ 1/2 .
Binary codes
Here, we define some notations on binary codes that we will use later (cf., [2] ). A binary code C of length n is a subgroup of Z
The support of c = (x 1 , x 2 , . . . , x n ) is the set supp(c) = {i = 1, 2, . . . , n | c i = 1}. The Hamming weight or simply the weight of c is the cardinality of supp(c). The code C is called even, doubly even and triply even if the Hamming weights of the words in C are divisible by 2, 4 and 8, respectively. We denote the all-zero word and all-one word of length n by (0) n and (1) n , respectively. Let c 1 = (x 1 , x 2 , . . . , x n ) and c 2 = (y 1 , y 2 , . . . , y n ) be in C. Define the inner product as
where the multiplication is the multiplication of real numbers and the addition is the addition in Z 2 . The dual C ⊥ of C is defined as
and dim(C) + dim(C ⊥ ) = n. Let D be a binary code of length m and d = (z 1 , z 2 , . . . , z m ) be a word in D. The direct sums between words and codes are defined as follows:
Suppose that c 1 , c 2 , . . . , c k are words in Z n 2 . The code generated by c 1 , c 2 , . . . , c k is denoted by c 1 , c 2 , . . . , c k .
Framed nets
Here we recall some basics of framed nets in [16] 
⊗n is of this form. The fusion rules follow componentwise.
The conformal weight of λ is
where k is the number of entries λ i = 1/16. Hence, the µ-index is 4 n . We can extend the net Vir Then, the crossed product of A by the finite abelian group G given by {λ i } i produces a local extension of the net A. We call the extended net a simple current extension of A denoted by A ⋊ G.
In the criteria of the preceding lemma, we can form a simple current extension of Vir where c = (c 1 , c 2 , . . . , c n ) belongs to an even binary code C of length n. We call C a 1/2-code as in [20] . On the other hand, λ with some λ i = 1/16 is not an automorphism so a class of such DHR sectors does not give any simple current extension immediately. 
We introduce the proof of the next theorem since its method will be useful later. 
, the α ± -induction of (0, 1/2) is the same as that of (1/2, 0). Likewise, the α ± -induction of id is the same as that of (1/2, 1/2). The α ± -induction of (1/16, 1/16) has the statistical dimension 2. By [17, Proposition 24] , the µ-index of Vir The preceding theorem shows that the α ± -induction of λ with some λ i = 1/16 may give irreducible sectors of statistical dimension 1. It may be possible to find a binary code D that acts on these irreducible sectors such that the simple current extension Vir ⊗n 1/2 ⋊ C ⋊ D occurs. We call D a 1/16-code, its element d ∈ D a 1/16-word or a τ -word and the pair (C, D) structure codes as in [20] . We have the following theorem that resembles framed vertex operator algebras. Proposition 2.5. Suppose that the simple current extension Vir ⊗n 1/2 ⋊ C ⋊ D is well-defined. The following statements hold.
1. C is an even binary code and D is a triply even binary code, i.e., the Hamming weights of the elements in D are divisible by 8.
Proof.
1. This follows from the definition of simple current extension since only DHR sectors with triply even 1/16-words can have the conformal spins 1. 
Suppose that

Holomorphic framed nets
There some more restrictions on the codes C and D if the framed net Vir ⊗n 1/2 ⋊ C ⋊ D is holomorphic. Let C be a binary code of length 16n satisfying the condition in [20] where D = C ⊥ as follows.
1. The length of D is 16n where n is a positive integer.
2. The code D is triply even.
The word (1) 16n is in D.
Our aim is to construct a holomorphic local conformal net with the central charge c = 8n and structure codes (C, D) in the form of Vir 1/2 ⊗16n ⋊ C ⋊ D. Let C be isomorphic to Z k 2 as an abstract group.
Recall that the S-matrix of Vir 1/2 is given as
where the orders of rows and columns are given by conformal weights as 0, 1/16, 1/2, respectively. Note that since D contains (1) 16n , all the codewords in C are even, so λ(C) = {λ(c) | c ∈ C} naturally gives an action of C on Vir 1/2 ⊗16n since the conformal spin of the DHR sector λ 1/2 is −1. We then have a crossed product net Vir 1/2 ⊗16n ⋊ C through this action by [16, Lemma 2.1] . This is an operator algebraic counterpart of the code vertex operator algebra.
The next step is to find an appropriate action of D on Vir 1/2 ⊗16n ⋊ C and to prove that Vir 1/2 ⊗16n ⋊ C ⋊ D has a structure code (C, D). (It is trivial that this net is holomorphic since its µ-index is equal to 4 16n /|C||D| 2 = 1.) For this purpose, we need to know the representation theory of Vir 1/2 ⊗16n ⋊C. Note that the dual canonical endomorphism θ for the inclusion First note α λ , α µ = λµ, θ , and this implies that α λ , α µ = 0 if and only if λµ ∈ λ(C).
Fix β ∈ D with weight 8j and consider a DHR sector λ of Vir 1/2 ⊗16n with τ (λ) = β. The number of such λ's is 2 16n−8j . As in [20] , set
Note that we have |C β | ≥ 2 4j by [20, Remark 6] . The number of distinct α λ is now 2 16n−8j |C β |/|C|. We also have
Suppose ⊗16n ⋊ C is equal to 2 16k /|C| = |D|. Now the number of β is |D|, so all the contribution to the µ-index of Vir 1/2 ⊗16n ⋊ C arising in this way is at least |D| 2 , which is the right µ-index of Vir 1/2 ⊗16n ⋊ C. This shows that we already have all the irreducible DHR sectors of Vir 1/2 ⊗16n ⋊ C, and we have |C β |/2 4j = m i /d i for all β, λ and i. Note that this equality implies d i is rational, but it is also an algebraic integer, so each d i has to be an integer. Proof. By the fusion rules and α λ , α µ = λµ, θ , we have
where the number of m's is 2 8j /|C β |, |C β | is the multiplicity, all µ m are mutually inequivalent, and each µ m is in {0, 1/2}
16n , hence has a dimension 1. Now take σ i , σ l appearing in the irreducible decomposition of α λ . Then σ i ·σ l is a direct sum of DHR sectors with dimension 1 of the form α µ , µ ∈ {0, 1/2} 16n possibly with some multiplicity. Choose one such µ. Then the Frobenius reciprocity implies σ i , σ l α µ ≥ 1, but the dimension of α µ is 1, so we have σ i = σ l α µ (cf. [4] ). Since supp(µ) is contained in β = {h | λ h = 1/16}, we have α λµ = α λ , which implies the equality of the multiplicities, m i = m l . That is, for fixed λ, all the m i 's in the irreducible decomposition α λ = i m i σ i are equal, and we simply write α λ = m i σ i . This also gives
Here we prove the following general lemma on a modular tensor category.
Lemma 3.2. Fix a modular tensor category and suppose that the dimensions of the irreducible objects are all 1 and the conformal spins of the irreducible objects are all ±1. Then all the nontrivial elements in this modular tensor category has order 2.
Proof. For irreducible objects λ, µ, ν in this tensor category, we have
since N ν λµ = 0 only if λµ = ν. Then S λµ = w −1/2 Y λµ , and the Verlinde formula gives
so this means µµ = 0 for all non-trivial irreducible object µ.
We want to show that an automorphism group ∆ isomorphic to D on Vir ⊗16n 1/2 ⋊ C exists which implies the existence of the holomorphic framed net Vir
In the above setting, there exists a set ∆ of irreducible DHR sectors of Vir 1/2 ⊗16n ⋊ C satisfying the following.
1. Each element in ∆ has dimension 1.
2. Each element in ∆ has conformal spin 1.
3. The set ∆ is closed under the sector multiplication and conjugation.
4. For each β ∈ D, we have exactly one DHR sector in ∆ which arises from the irreducible decomposition of any α λ where the τ -word of λ is β, and through this, we have a group isomorphism of ∆ and D.
Proof. We divide the problem into three cases according to the dimension of D.
The code D has only two words which are (0) 16n and (1) 16n so D = (1) 16n . By looking at the S-matrix and following the method given in the proof of theorem 2.4, the α-induction of the following sectors on Vir
give irreducible DHR sectors on Vir 1. The α-induction of (1/16) 16n splits into irreducible DHR sectors of statistical dimension 2 k , for some positive integer k.
2. The α-induction of (1/16) 16n splits into a number different from two of inequivalent irreducible DHR sectors of statistical dimension 1.
3. The α-induction of (1/16) 16n splits into two inequivalent irreducible DHR sectors of statistical dimension 1 with the multiplicity 2 8n−1 . 
⊥ . By the definition of crossed product von Neumann algebras,
Since i is arbitrary, it is sufficient to consider only Vir 
For Vir
⊥ , denote the splitted irreducible subsectors of the α-induction of (1/16) 16n−8i by β We also get the same conclusion for the τ -word (0) 8i ⊕ (1) 16n−8i . For λ's with their τ -words (1) 16n , we have only one α λ and its contribution to the µ-index is 4. We note that all have conformal spin 1. If we multiply an irreducible DHR sector arising from α λ with λ's τ -word (1) 8i ⊕ (0) 16n−8i and another such a sector arising from α λ with λ's τ -word (0) 8i ⊕ (1) 16n−8i , we obtain an irreducible DHR sector of dimension 1 arising from α λ with λ's τ -word (1) 16n . There are 4 irreducible DHR sectors with the τ -word (1) 16n . We thus see that all the statistical dimensions of all the irreducible DHR sectors are 1, and we can apply Lemma 3.2. Then we first choose the identity sector id. We next choose σ 1 with dimension 1 and conformal spin 1 from an irreducible decomposition of α λ with λ's τ -word (1) 8i ⊕ (0) 16n−8i . This is possible for both even and odd i. We also choose σ 2 with dimension 1 and conformal spin 1 from an irreducible decomposition of α λ with λ's τ -word (0) 8i ⊕ (1) 16n−8i . Then we set ∆ = {id, σ 1 , σ 2 , σ 1 σ 2 }.
We now proceed by induction. Suppose we have D and we have proved the proposition for the case where the order is D is smaller.
Choose β ∈ D with β = (0) 16n and β = (1) 16n . Choose an irreducible DHR sector σ appearing in the decomposition of some α λ with λ's τ -word β. Suppose the dimension d σ is larger than 1, and we will derive a contradiction. As in the proof of Lemma 3.1, we know that σσ decomposes into a direct sum of irreducible DHR sectors of dimension 1. The Frobenius reciprocity shows that all of these have multiplicity 1. This means that the endomorphism σ gives a crossed product subfactor with an abelian group of order d First assume all the irreducible DHR sectors in G have conformal spin 1. We then construct a decreasing sequence
and an increasing sequence ⊗16n ⋊ C to Vir 1/2 ⊗16n ⋊ C r . By the ασ-reciprocity in [3] and that fact that G is an abelian group, we know that this α-induction produces an irreducible DHR sector of dimension equal to d σ , which is bigger than 1. This α-induction is equal to the α-induction of λ from Vir 1/2 ⊗16n to Vir 1/2 ⊗16n ⋊ C r by [21] , so this contradicts the induction hypothesis.
Next consider the case some of the irreducible DHR sectors in G have conformal spin −1. Note that the conformal spins are multiplicative on G because they arise from α-inductions of DHR sectors in {0, 1/2}
16n . Then the extension Vir 1/2 ⊗16n ⋊ C ⋊ G is rewritten as Vir 1/2 ⊗16n ⋊ C ⋊G ⋊ Z 2 , whereG is a maximal subgroup giving a local extension of Z 16n 2 /C and the last crossed product by Z 2 is a Fermionic extension (the locality is replaced by graded locality, cf. [5] ). In this case the order of G is d 2 σ ≥ 4, so the group G is nontrivial. We again construct a decreasing sequence
and an increasing sequence
in a similar way to the above case, where now some C r has the property C r /C =G. Now again consider the α-induction of σ from Vir 1/2 ⊗16n ⋊ C to Vir 1/2 ⊗16n ⋊ C r ⋊ Z 2 . We again know that this α-induction produces an irreducible DHR sector of dimension equal to d σ , which is bigger than 1. This α-induction is equal to the α-induction of λ from Vir 1/2 ⊗16n to Vir 1/2 ⊗16n ⋊ C r ⋊ Z 2 . Every irreducible DHR sector of Vir 1/2 ⊗16n ⋊ C r has dimension 1 by the induction hypothesis, so its α-induction to Vir 1/2 ⊗16n ⋊ C r ⋊ Z 2 again has index 1 and this is a contradiction.
We have thus proved that all the irreducible DHR sectors of Vir 1/2 ⊗16n ⋊C have dimension 1. Then we choose the generators {β s } of D, and for each β s , we choose an irreducible DHR sector σ s with conformal spin 1 appearing in the irreducible decomposition of α λ with λ's τ -word β s . Then the group generated by the irreducible DHR sectors β s gives the desired set ∆.
Using the preceding proposition, we immediately obtain the following main theorem.
Theorem 3.4. Suppose the codes C, D are as in [20] . Then we have a holomorphic framed local conformal net with structure codes (C, D).
Proof. We simply make a two-step crossed product Vir 1/2 ⊗16n ⋊C ⋊D, where the action of D is given by ∆ in Proposition 3.3. Construct the simple current extension of Vir 1/2 ⊗16n ⋊ C using ∆. It is easy to see that the µ-index is 1 and the structure codes are (C, D). Remark 3.5. As mentioned earlier, Lam and Yamauchi proved the existence of holomorphic framed vertex operator algebras associated to binary codes in [20] . The classification of the maximal triply even binary codes given by Betsumiya and Muenasa in [2] leads to the classification of holomorphic framed vertex operator algebras extended from L(1/2, 0) ⊗16n , n = 1, 2, 3, by Lam and Shimakura in [19] . Concrete examples of such vertex operator algebras are constructed and identified. We have the corresponding local conformal nets, and the vacuum characters are clearly the same in the both approaches. At c = 24, the vacuum character is uniquely determined and equal to the j-function except for the constant term, so if the constant terms are different in the setting of [19] , the corresponding local conformal nets are also different, but Lam and Shimakura have examples where the constant terms of the vacuum characters, which are the dimensions of the weight 1 spaces, are the same, but have different Lie algebra structures. They are different as vertex operator algebras, and we expect that the corresponding local conformal nets are also different, but we do not have a proof so far. Remark 3.6. Since our argument relies on only structures of the tensor categories, it is possible to use SU(2) 2 instead of Vir 1/2 . (Note that the Smatrices of these two are the same, and one of the three conformal weights differ by 1/8, but we use only triply even codes, so this difference does not matter.) However, as shown in [18, Theorem A.2] , the vertex operator algebra corresponding to SU(2) 2 itself is an extension of L(1/2, 0) ⊗ L(1/2, 0) ⊗ L(1/2, 0), so this does not give new examples.
